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The purpose of this study was to determine the two-dimensional temperature f ie ld  for a 
f l u id  in slug f low through tubes with uniform moss in ject ion and l inearly decreasing wal l  
temperature. A series solution was obtained, the f irst ten eigenvalues for which were de- 
termined from the characterist ic equation by the method o f  Runge-Kutta. Expressions for 
loca l  conductive heat f lux at the tube wal l  and local  Nusselt number were obtained a s  a 
function of i n le t  Peclet  number, in ject ion Peclet number, tube radius, temperature boundary 
conditions, and f lu id  properties. Sample results are presented for several inject ion rates at 
dif ferent wal l  temperature conditions. I n  general, moss in ject ion was found to  decrease the 
loca l  heat f lux and increase temperature d i iv ing force causing a decrease in  the  Nusselt 
number. 

Convective heat transfer with mass injection has  been 
treated in two c l a s s e s  of problems: external houndary-layer 
flows over plates,  cylinders, etc.  (1 to 3), and internal 
flows through channels ( 4  to 9). The problem considered 
in this study is  of the second class .  Among previous 
works in this field are those of Yuan and co-workers, who 
made major contributions in obtaining solutions for flow in 
pipes with coolant injection through porous walls for both 
laminar flow ( 4  to 6 )  and turbulent flow (7 to 9). Terrill 
recently published the solution for laminar flow between 
parallel plates with either mass  injection or suction (10). 

In a l l  these studies the wall temperature of the pipe was 
assumed to undergo a s tep change a t  the inlet  and to re- 
main constant thereafter. In the present study, interest  
was centered on the effect of a linearly varying wall tem- 
perature on radial and axial  temperature profiles and on 
heat transfer coefficients for flow through pipes with mass 
addition a t  the local wall temperature. The resul ts  of this 
study find application in such problems as transpiration 
cooling and nonequilibrium two-phase flow (11). 

Specifically, the problem considered i s  defined a s  fol- 
lows: (1) slug flow through circular pipe, (2) uniform mass 
injection in region x 2 0 ,  (3) uniform inlet  temperature To 
a t  x = 0,  (4) wall temperature varies a s  T ,  = T,  - B 2 for 

rW 

x >_ 0, ( 5 )  mass injected a t  wall is  of same kind as in main 
stream, (6) injected mass i s  a t  local wall temperature, 
(7) constant physical properties, (8) negligible axial heat  
conduction, and (9) steady state.  

ANALYSIS 

In terms of the coordinate system shown in Figure 1, the 
axial  velocity at position x for the conditions defined above 
i s  

u ( x )  = uo - 2 u w  x (1) 

where U, is  the inlet velocity and uW is  the injection ve- 
locity a t  wall. For steady s ta te  s lug  flow and constant 
physical properties, the continuity equation then requires 
the radial  velocity to he 

TW 

(2) 

The energy transport equation, with axial  conduction and 
viscous dissipation neglected,  is  

I X  
- 1  

To, I 

Fig. 1. Coordinate system and wall tempera- 
ture profiles. 
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Using Equations (1) and (2), one can rewrite this equation 

Defining the dimensionless temperature 

T (x, r )  - T ,  
B ( x ,  r )  = - -  

l G  - l.7 

one can express Equation (4) in terms of dimensionless 
variables as 

where PCP 
Npeo = 2 - - rwuo 

(7) 
k 

PCP - 
N p e ,  = 2 - y w v w  

k 

The boundary conditions are 

0(7) = 0 , t )  = 1 

(9) 

The above system of equations defines the temperature 
field a s  a function of position, the two Pec le t  parameters 
N p e ,  and N p c ,  and the boundary temperature parameter 
p = B / ( T ,  - T,). The problem is solved first  for the c a s e  
of a s t ep  change in wall temperature (6 = 0) and then for 
the more general ca se  of a linearly varying T,. 

Step Change in T,., 

By separation of variables 

e ( 7 , O  = X ( q ) * R ( O  (11) 

Then Equation (6) yields the ordinary differential equations 

1 1  R " ( 0  + (2 - 2 N p e ,  t) R ' ( 0  + A 2 R ( e )  = 0 (12) 

- Npew 7 X ' ( q )  + A z X ( 7 )  = 0 (13) ) - NPe, (: 
Equation (13) can be integrated directly to obtain 

Since the Sturm-Louville requirements are satisfied,  the 
solution for O ( 7 , f )  may be expressed a s  an orthogonal 
series:  

(15) e ( v , f )  = C A ,  8 X ,  (7) * R, (5) 
n 

The ser ies  coefficients An may be evaluated by means of 
boundary condition (8): 

a t  7 =  0, 0 ( 7 =  0, 5) = 1 

1 =C A,.R,([)  
n 

where 1' +(t).Rn(t)dt 
A ,  = (16) I' + ( O * R , Z ( t ) d t  

The weighting function 4 ( ( )  i s  obtained from Equation (12). 

(1 7) 

Therefore 

The solution for the temperature distribution is  then 

The eigenvalues A, a n d  eigenfunctions R , ( t )  are to be 
evaluated from the characterist ic Equation (12) together 
with boundary conditions 19) and (10). 

The conductive heat transfer a t  the wall  is 

(20) 
from which the local Nussel t  number i s  obtained a s  

"U (7) = 

(21) 

Linearly Varying T ,  
For wall  temperature varying a s  a linear function of x, 

boundary condition (10) applies with @ d 0. It is  necessary 
to introduce the following transformation of the axial co- 
ordinate variable: 

Equation (6) may then be written as 

(23) 

so that the requirement for a constant coefficient on the 
axial  term is  satisfied. The stepwise temperature solution, 
Equation (191, i s  then 
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TABLE 1. EIGENVALUES, S E R I E S  C O E F F I C I E N T S ,  AND DERIVATIVES O F  EIGENFUNCTION 

Npew =-1 

n A; A ,  RL(1) G 
1 6.29681 1.6663 -1.0998 6.83762 
2 30.9907 -1.1860 1.6570 31.5492 
3 75.4073 0.95758 -2.0728 75.9681 
4 139.561 -0.82365 2.4188 140.122 
5 223.453 0.73313 -2.7214 224.015 
6 327.084 -0.66696 2.9937 327.646 
7 450.455 0.61591 -3.2433 451.017 
8 593.564 -0.57501 3.4750 594.127 
9 756.414 0.54128 -3.6923 756,976 

10 939.003 -0.51286 3.8974 939.565 

Npew = - 2  

A n  
1.7359 

1.0771 
-0.92938 

0.82854 
-0.75439 

0.69700 
-0.65092 

0.61287 
-0.58078 

-1.3189 

n 

Next ,  define 

e * = i - e  

8* (x = 0, 5 i 1) = 0 

so that 

Applying Duhamel's superposition theorem, we get  

R$l) 

-0.96532 
1.4608 

-1.8284 
2.1341 

-2.4013 
2.6417 

-2.8620 
3.0666 

-3.2583 
3.4394 

A; 
9.26756 

34.1738 
78.6182 

142.780 
226.676 
330.309 
453.681 
596.791 
75 9.64 1 
942.231 

Npew = -6 

A n  
2.0732 

-1.9881 
1.7087 

-1.5002 
1.3480 

-1.2325 
1.1416 

- 1.0678 
1.0065 

-0.95450 

R$l)  

-0.55286 
0.87619 

- 1.1040 
1.2913 

-1.4543 
1.6006 

-1.7346 
1.8589 

-1.9754 
2.0853 

N P e w  = -10 

G A n  R A f l )  

12.0988 
37.4307 
81.9237 

146.099 
230.001 
333.637 
457.010 
600.121 
762.972 
945.562 

2.5172 
-2.9321 

2.6798 
- 2.4058 

2.1838 
-2.0077 

1.8657 
-1.7488 

1.6507 
-1.5670 

-0.29940 
0.51916 

0.77939 
-0.87941 

0.96884 
-1.0505 

1.1262 
-1.1971 

1.2639 

-0.66351 

where 8 is the temperature distribution due to an incre- 
mental s t ep  change in wall temperature, a s  given by Equa- 
tion ( 2 4 ) .  Substituting Equation ( 2 4 )  into Equation ( 2 8 )  
and applying boundary conditions ( 2 6 ,  271, we get 

0.8 

0.7 

0.6 

0.5 

4 
0 
2 0.4 
c - 
0 

0.3 

0.2 

0.1 

~ ~ ~~ 

' 0  0.2 04 0.6 0.8 
t .1  

'U 

Fig. 2. Radial temperature profiles a t  different 
mass injection rates. 

After evaluation of the integral and transformation to the '1 
coordinate, we obtain the solution for the temperature dis- 
tribution a s  

The expression is s e e n  to reduce to Equation ( 1 9 )  for spe- 
c ia l  ca se  of a step-change wall  temperature (p  = 0). For 
the degenerate case  of N p e ,  = 0, the solution for the tem- 
perature field was obtained a s  

where J ,  and J ,  are Bessel ' s  functions of orders zero and 
one, and an are the roots of J,. 

For the general c a s e ,  the conductive heat transfer a t  the 
wall is  
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Fig. 4. Axial temperature profiles for two different mass injection 
rates. 
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Fig. 3. Radial temperature profiles a t  differ- 
ent boundary temperature conditions. 

sion coefficients A ,  are functions only of the mass injec- 
tion Peclet  number N p e w .  Values of these quantit ies,  for 
the f i rs t  ten terms of the ser ies  in Equation (19) (first ten 
eigenvalues),  were computed for four cases:  

N p e w  = -1, - 2 ,  -6 ,  -10 

Negative N p e w  denotes mass  addition to the stream. The  
results obtained for A,, A,, and R ,  (1) are presented in 'la- 
ble 1. We believe that values for A, and A, are accurate 
to s ix  and five significant figures, respectively. 

Using these eigenvalues and the corresponding eigen- 
functions, one can determine both radial and axial temper- 
ature profiles from Equation (30) for any desired entrance 
Pec le t  number N p e , ,  any linear wall temperature variation 
(as  denoted by the value of p )  at different mass injection 
rates (as  denoted by N p e , ) .  Figure 2 shows examples of 
the radial temperature profiles calculated by Equation (30) 
for different mass  injection rates a t  a position 50 diameters 
from the entrance, for the case  of p = 0. I t  is seem that 

the vicinity of the wall while increasing the temperatures 
near the center line. The  f i rs t  effect follows from the low- 
ering of local mixed temperatures near the wall by the ad- 
dition of the colder injected mass which enters the stream 
at the wall temperature. The second effect is  caused by 
the increase of bulk axial  velocity due to mass  addition in- 
asmuch as this increased velocity allows l e s s  residence 
time for cooling of the fluid. The  second effect would be 
most noticeable a t  the point furthest from the cold sink, 
that  is ,  a t  the center line. 

Figure 3 shows radial temperature profiles calculated by 

and the local Nussel t  number is  determined to be 

- 2  
N N ~ ( $  = 

N N u ( ~ )  =-CA,.R,:(O. 
n mass injection tends to decrease the local temperatures in 

h , Z / N p e w  
2 N P e w  ( 

7 -  1-- ?) ]}/ 2 ( N p e w  - A:) 

P N P e ,  

2 ( N p e W  - 

h n Z / N p e  

- 7 )  - 

R n ( E )  * E d [  (33) 

RESULTS AND DISCUSSION 

T o  obtain numerical results,  one must f irst  determine the 
eigenvalues h, and the eigenfunctions R ,  (el. Unfortu- 
nately, the characterist ic Equation (12) i s  a confluent hy- 
pergeometric differential equation for which no usable ex- 
plicit solution is  available. In this  study, Equation ( 1 2 )  
was solved numerically by the method of Runge-Kutta on a 
digital computer. A trial and error procedure was employed 
to obtain values for A, and R , ( O  such that boundary con- 

1 - 

ditions (9) and (10) are satisfied.* While this i s  a lengthy - -Nm;-2 

process,  i t  does  enable the eigenconstants to be determined 4- 

to a s  high a degree of accuracy as desired. - - 
0 
0. I 0.5 I 5 I0 50 100 

t I I I I III 1 I 1 l I l 1 1 l  I I I I ' U L  The eigenvalues A,, eigenfunctions R, (0, and expan- 

*This technique for obtaining eigenvalues has  been used pre- 
r)=ll/r, 

viously by Hsu  ( 1 2 )  and Yuan and Peng (5). Fig. 5. Conductive heat flux a t  wall. 
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Fig. 6. Local Nusselt numbers for different mass injection rates. 

Equation (30) for one injection rate a t  various wall temper- 
ature conditions. As expected, more steeply decreasing 
wall temperatures (increasing values of p) resul t  in steeper 
gradients throughout the temperature field with maximum ef- 
fect at  the wall and minimum effect near the center line. It 
also overcomes the tendency for S-shaped profiles caused 
by cold mass addition, giving radial profiles of the more 
normal parabolic shape. 

Examples of axial  temperature profiles calculated from 
Equation (30) are shown in Figure 4. - R e s u l t s  plotted are 
for p = 0.01 at two different mass injection rates  & p e w  = 

- 1, -10). As noted above, increased mass addition decreases  
(-a/&$ for + O  and increases i t  for ( + 1. The net  
result  i s  that  the temperature drop from center line to wall 
increases with increasing ( - N p e w )  and increasing q. 

The effect of varying boundary conditions on conductive 
heat flux a t  the wall, with and without mass injection, i s  
illustrated in Figure 5. At a low value of the heat flux 
i s  seen to decrease in the normal fashion along the axis,  ex- 
hibiting the usual entrance region effect. At a high value 
of p the heat flux f i rs t  decreases  as the effect of the ini- 
t ia l  s tep change in wall temperature diminishes; but then 
the flux reaches a minimum and increases again-reflecting 
the steeper radial temperature profiles which resul t  from 
the continuously decreasing wall temperature. The results 
also show that mass  injection decreases  the local conduc- 
tive heat  flux, the decrease being greater a t  high values 

Local Nussel t  numbers calculated from Equation (33) are 
plotted in Figure 6 for several  different ra tes  of mass  in- 
jection. Increasing injection decreases  the hea t  flux and 
increases the temperature driving force, so that there i s  a 
reduction in local Nussel t  number as mass injection i s  in- 
creased. 

of p. 

SUMMARY 

A general solution for the temperature field of a fluid in 
slug flow through tubes, with mass injection and linearly 
decreasing wall temperatures, was obtained in terms of an 
orthogonal series.  The  first  ten eigenvalues and eigen- 
functions were determined by numerical solution of the char- 
acterist ic equation, Calculated resul ts  indicated that ra- 
dial temperature profiles change from the normal parabolic 
shape to an S shape a s  mass  injection increases,  and tem- 
perature difference from center line to wall increases  with 
increasing mass injection. Expressions were a l so  derived 
for local conductive heat flux a t  the wall and local Nussel t  
number. In general, mass  injection was found to  decrease 
the heat flux and increase the temperature driving force, 
causing a reduction in Nussel t  number. 
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NOTATION 

A ,  = coefficients of ser ies  expansion in Equation (19) 
5 = constant, slope of wall temperature gradient 
C = integration constant 

J = Bessel’s  function 
k = thermal conductivity, B.t.u./(hr.) (ft.) (OF.) 

C, = specific heat, B.t.u./(lb.,) (OF.) 

N N ~  = 2 r , h / k ,  Nussel t  number, dimensionless 
N P ,  = Peclet  number defined by Equation (7 ) ,  dimensionless 
Q = heat flux, B.t.u./(hr.) (sq. ft.) 
r = radius,  ft. 

R = eigenfunction of Equation (12) 
T = local fluid temperature, O F .  

T, = w a l l  temperature a t  inlet, O F ,  

u = axial  velocity, ft./sec. 
u = radial velocity, ft./sec. 
x = axial  distance,  ft. 

X = defined by Equation (13) 

Greek Letters 

C( = root of zero-order Bessel’s  function 

q = x / r w ,  dimensionless axial  distance 
8 = ( T -  T,)/(T, - T,), dimensionless local temperature 

X = eigenvalue of Equations (12) and (13) 
6 = r / r w ,  dimensionless radial distance 
p = density,  lb./cu. ft. 
x = defined by Equation (22) 
T = defined by Equation (28) 
4 =weighting function, defined by Equation (17) 

p = 5 / ( T 0  - T,) 

8* = 1 - 8  

Subscripts 

o = inlet  

w = w a l l  
n = index 

b = bulk 
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